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Abstract
We show that the Dirac equation for real spinors can be naturally decomposed into a system of two
first-order relativistic wave equations. The decomposition separates in a transparent way the real
and imaginary parts of the Dirac equation by means of two algebraic differential operators, allowing
to describe real spinors in any representation of the Dirac matrices maintaining the reality condition
Ψ˜ = Ψ˜∗ unaltered. In addition, it is shown that the Majorana wave equation is a particular case of
the relativistic system of equations deduced in this paper. We also briefly discuss how the formalism
can be extended to deal with complex (charged) spinors.
I. INTRODUCTION
In spite of the fact that the Dirac and Majorana equa-
tions have essentially the same mathematical structure,
their physical meaning and interpretation are quite dif-
ferent.The Majorana equation describes neutral fermions
that are their own antiparticles, while the Dirac equation
is suitable for charged fermions such as the electron or
the muon. Although there is no experimental evidence
so far of elementary Majorana particles, the presence of
Majoranamodes has been recently reported in certain su-
perconductor substances [1–4]. On the other hand, there
exists an old debate regarding the ultimate nature of
neutrinos. Indeed, theoretical physicists widely support
the idea that neutrinos are in fact Majorana particles
[5], namely, real spinorial fields, though this is still being
discussed [6, 7]. If neutrinos are Majorana fermions, the
first signal should come from neutrinoless double β decay,
a process that has not yet been observed [8]. In any case,
the study of the theoretical aspects of real spinors and the
possible generalizations of the Majorana equation repre-
sent two very interesting research avenues. This is the
subject of this work. Let us begin by writing down the
Dirac equation in the usual covariant notation
(iγµ∂µ −m)Ψ = 0 (1)
Where the Dirac matrices γµ, satisfy the anticommu-
tation rules
γµγν + γνγµ = {γµ, γν} = 2gµν (2)
In 1937, Majorana [9] inquired whether it might be pos-
sible for a spin 1/2 particle to be its own antiparticle,
by attempting to find the equation that such an object
would satisfy. To get an equation of Dirac’s type such
as (1) (that is, suitable for spin 1/2) but purely real and
thus capable of governing a real field, requires matrices
that satisfy the Clifford algebra and are purely imaginary
[10]. Majorana found such purely imaginary representa-
tion of the Dirac matrices, the so-called Majorana rep-
resentation. It is important to note that a real fermion
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can be consistently described by any representation of
the gamma matrices, but the Majorana representation
turns out to be the most natural. In this representation,
the reality condition is given by
Ψ˜ = Ψ˜∗ (3)
Regarding the Dirac matrices, written as tensor products
of the usual Pauli matrices σi, take the form
γ˜0 = σ2 ⊗ σ1
γ˜1 = iσ1 ⊗ 1
γ˜2 = iσ3 ⊗ 1
γ˜3 = iσ2 ⊗ σ2 (4)
Then, in the Majorana representation the matrices sat-
isfy the property:
γ˜µ = −γ˜µ
∗ (5)
This turns the Dirac equation into a purely real equa-
tion. For any other representation of the Dirac matrices,
the reality condition (3) is no longer valid and needs to
be modified [11]. Indeed, since any two representations
of the gamma matrices can be related by a similarity
transformation involving a unitary matrix, we can write
Ψ = UΨ˜ (6)
which implies, Ψ˜ = U †Ψ ; substituting this result in
(3) we find
U †Ψ = (U †Ψ)∗ (7)
Or equivalently
Ψ = UUTΨ∗ (8)
These are well known features of the standard theory.
Nevertheless, in this work we adopt an alternative ap-
proach. In particular, we show that the reality condition
(3) in the Majorana representation of a real spinor does
not obligatorily require the use of purely imaginary ma-
trices to get a purely real equation. Indeed, if we want to
obtain a real equation from (1) using complex matrices,
2this will require in general an explicit decomposition of
the Dirac equation into two other wave equations which
are their real and imaginary parts. The paper is orga-
nized as follows. In sec.II we begin with a general anal-
ysis of the properties of the Dirac operator, and show
that it can be canonically decomposed into two different
parts, one of which is closely related with the Hamilto-
nian. Then, we derive two independent first-order wave
equations that should satisfy any real spinor. We also
show that these two first-order differential equations con-
tain the Majorana picture as a particular case. Finally,
it is shown how the formalism can be adapted to the case
of complex spinors as well.
II. DECOMPOSITION OF THE DIRAC
EQUATION
It is well known that the Dirac equation is in some
sense a decomposition (square root) of the Klein-Gordon
equation. One naturally wonders whether the Dirac
equation, in turn, may be decomposed into other(s) more
fundamental equation(s).The question is interesting and,
as far as I know, it has already been explored in the liter-
ature. To be precise, we should distinguish here between
decomposition and factorization. In this work, we are not
interested in the factorization of the Dirac equation into
other equations of fractional order employing fractional
calculus. This task has been addressed elsewhere, and
the interested reader is referred to [12–15] for further in-
formation.Rather, we decompose the Dirac equation into
two other differential equations of the same (first) order.
The motivation to search for such a decomposition lies
in the study of the real spinors, but we will show later
that it can be extended in a natural manner to the case
of complex (charged) spinors as well. This will allow
us to deepen in the algebraic structure of the Dirac La-
grangian to discover a particular set of transformations
of the global gauge symmetry with very interesting prop-
erties.
A. Properties of the general Dirac operator
Let us start by isolating the general Dirac operator
from equation (1)
Oˆ = iγˆµ∂µ −mIˆ = iγˆ
µ∂µ −mIˆ (9)
Where Iˆ is the identity operator. Note that such defini-
tion of the Dirac operator does not satisfy the hermiticity
condition:
Oˆ† = −iγˆµ†∂µ −mIˆ = −iγ
0γˆµγ0∂µ −mIˆ
= −γ0
(
iγˆµ∂µ +mIˆ
)
γ0 (10)
Where we have used the well known property, γµ† =
γ0γµγ0. Of course the non-hermiticity of the general
Dirac equation is not a problem because one can always
construct from it a Hermitian Hamiltonian Hˆ, which is
the meaningful physical operator. In any case, can we
express the general Dirac operator as some sort of com-
bination of Hermitian and Antihermitian operators? The
answer is yes. Indeed, for any operator Oˆ, it is always
possible to write their decomposition in the form [16]
Oˆ =
(Oˆ + Oˆ†
2
)
+ i
(Oˆ − Oˆ†
2i
)
= Aˆ+ iBˆ (11)
From this equation, it automatically follows that, Aˆ =
Aˆ†, Bˆ = Bˆ†. On the other hand, we have the important
property
OˆOˆ† =
(
Aˆ+iBˆ
)(
Aˆ−iBˆ
)
= Aˆ2+Bˆ2+i
[
Bˆ, Aˆ
]
= (+m2)Iˆ
(12)
Where  is the D’Alembert operator. This means that
the “square” of the general Dirac operator has to agree
with the diagonal operator of the Klein-Gordon (KG)
equation. Let us apply now this decomposition to the
Dirac operator (9). Making use of (10), (11) and (12),
we obtain
Aˆ =
1
2
(
i(γµ − γµ†)∂µ − 2mIˆ
)
=
1
2
(
i(γ0γ0γµ − γ0γµγ0)∂µ − 2mIˆ
)
=
1
2
(
iγ
0(γ0γµ − γµγ0)∂µ − 2mIˆ
)
= γ0σ0µ∂µ − 2mIˆ
(13)
Where we have used that, (γ0)2 = Iˆ, and σµν ≡
i
2
[γµ, γν ]. In the same fashion, for the operator Bˆ we
find
Bˆ =
1
2
(γµ + γµ†)∂µ =
1
2
(γ0γ0γµ + γ0γµγ0)∂µ
=
γ0
2
{γ0, γµ}∂µ = γ
0g0µ∂µ = γ
0
∂
∂t
(14)
Therefore, the imaginary part operator Bˆ is closely re-
lated with the Hamiltonian Hˆ of the Dirac equation. The
exact algebraic relation among both operators is given by
Bˆ = −iγ0Hˆ (15)
Then, the decomposition (11) for the Dirac operator
turns out to be
Oˆ ≡ Aˆ+ iBˆ = Aˆ+ γ0Hˆ (16)
Let us conclude the paragraph stressing that the square
property (12) for the case of the general Dirac operator
implies
OˆOˆ† =
(
Aˆ+ γ0Hˆ
)(
Aˆ+ γ0Hˆ
)
= Aˆ2 + Hˆ2 + {Aˆ, γ0Hˆ}
(17)
B. Real spinors. Generalization of the Majorana
equation
It is worth noting that there exists at least another pos-
sible decomposition of the Dirac operator different from
3(11). Indeed, if one is interested in the explicit separation
of the real and imaginary parts of the operator Oˆ, then
one should replace in (11) the Hermitian conjugation by
the complex conjugation, namely
Oˆ =
( Oˆ + Oˆ∗
2
)
+ i
(Oˆ − Oˆ∗
2i
)
= Aˆ+ iBˆ (18)
where, Aˆ, Bˆ, are now real operators by construction, i.e,
Aˆ = Aˆ∗, Bˆ = Bˆ∗, and notice that are different from those
of the Hermitian decomposition, namely, Aˆ 6= Aˆ, Bˆ 6= Bˆ.
The decomposition (18) is the relevant for our pur-
poses. Indeed, for a real spinor, Ψ˜ = Ψ˜∗ the Dirac equa-
tion decomposed in such a way will be
(
Aˆ+ iBˆ
)
Ψ˜ = AˆΨ˜ + iBˆΨ˜ = 0 (19)
It is important to bear in mind that we cannot iden-
tify the real part of the Dirac operator (9) with the mass
term, because the gammas are in general complex. Then,
in general, Aˆ 6= −mIˆ, and such trivial identification only
takes place for a purely real representation of the Dirac
matrices. Indeed, apart of the real part of the mass pa-
rameter, Aˆ will also include in general another contri-
bution where the imaginary part of the gammas plays a
role. Since, Aˆ, Bˆ, Ψ˜ are all real valued, equation (19) is
satisfied if and only if
AˆΨ˜ = 0 (20)
BˆΨ˜ = 0 (21)
or equivalently, in the standard notation
(
iτµ∂µ −m
)
Ψ˜ = 0 (22)
ηµ∂µΨ˜ = 0 (23)
Where we have defined two auxiliary matrices τˆ , ηˆ as
τˆµ ≡
1
2
(
γˆµ − γˆ∗µ
)
(24)
ηˆµ ≡
1
2
(
γˆµ + γˆ∗µ
)
(25)
From the above expressions it automatically follows that
τˆµ + ηˆµ = γˆµ (26)
Eqs. (22-23) represent two first-order real eigenvalue
equations that should be satisfied simultaneously by any
real spinor. Since τˆ are purely imaginary matrices by
construction, while ηˆ are real, the reality of both wave
equations is guaranteed. It is easy to demonstrate that
the standard Majorana equation is a particular case of
this system. Indeed, notice that if we choose purely imag-
inary Dirac matrices (5), i.e γˆµ = −γˆ∗µ,the auxiliary
matrices (24-25) reduce to, τˆµ = γˆµ, and, ηˆµ = 0. As
a consequence, equation (22) reduces to the real Majo-
rana wave equation, while the other wave equation (23),
vanishes identically. One advantage of this approach lies
in the fact that it allows to work in any representation
of the gamma matrices maintaining the reality condi-
tion (3) unaltered. The purely real representation of the
Dirac matrices is also included in our picture, but the
combination of a real spinor with a real representation
of the gammas is consistent only with massless particles.
Indeed, when γˆµ = γˆ∗µ, then τˆµ = 0, as a consequence
Eq. (22) sets to zero the mass eigenvalue, i.e, m = 0,
and therefore only the second wave equation (23), which
corresponds to a massless particle, will survive. On the
other hand, the real field Ψ˜ can be written in terms of
its Fourier expansion as
Ψ˜ =
∑
s
∫
p
(
asu˜s(p)e
−ip·x + a†s(p)u˜
∗
s(p)e
ip·x
)
(27)
Notice that the summation only involves two values of s
due to the fact that the four basis spinors consist on two
Spinors u˜s(p) and their complex conjugates. Substitut-
ing the expansion (27) into the wave equations (??-23),
we get
(
τµpµ −m
)
u˜s(p) = 0 (28)
(
τµpµ +m
)
u˜∗s(p) = 0 (29)
since τµ = −τ∗µ, it is easy to see that both equations
are the complex conjugate of each other. Furthermore,
we have
ηµpµu˜s(p) = 0 (30)
ηµpµu˜
∗
s(p) = 0 (31)
As a consistency proof, note that if we sum the two equa-
tions satisfied by u˜s(p), i.e. Eqs. (28) and (30), the result
obtained is nothing but the general Dirac equation (with
complex mass) in momentum space
(
γµpµ −m
)
u˜s(p) = 0 (32)
The same can be stated for the corresponding complex
conjugates basis spinors u˜∗s(p). Indeed, the addition of
Eqs. (29-31) provides
(
γµpµ +m
)
u˜∗s(p) = 0 (33)
4A natural question arises: which is the Lagrangian den-
sity that allows one to derive the two independent eigen-
value equations of our picture? It is straightforward to
verify that such a Lagrangian can be expressed as
L = Ψ˜
(
Aˆ+ iBˆ
)
Ψ˜ + h.c. (34)
where the standard abbreviation h.c. stands for the Her-
mitian conjugate in order to guarantee Hermiticity of the
Lagrangian density.
C. Lorentz covariance
Now we want to raise the issue of the Lorentz covari-
ance of the wave equations (22)-23). It is not generally
well appreciated that, when we get to the Dirac equation
or similar constructions, it is either possible to view the
gamma matrices γµ as constants, invariant under Lorentz
transformations and view the field Ψ to transform as a
spinor under Lorentz transformations, or you can view
γµ as a matrix-valued 4-vector, which transforms as a
vector under Lorentz transformations, and view Ψ as a
set of 4 Lorentz scalars. The two approaches are mathe-
matically equivalent. Almost all treatments of the Dirac
equation view Ψ as a Lorentz spinor and γµ as 4 con-
stant matrices. However, the other way of doing it is
also a legitimate approach, see for instance ([17]). The
combination ΨγµΨ gives the same result in either way of
doing it. Indeed, both pictures are equivalent in the same
fashion that in non-relativistic quantum mechanics are
equivalent the “Schrodinger picture” and the “Heisen-
berg picture”. Here, to show the Lorentz invariance of
the wave equations we will adopt the latter approach,
namely, we will deal with γµ as a matrix-valued 4-vector,
which transforms as a vector under Lorentz transforma-
tions, and view Ψ as a set of 4 Lorentz scalars. Once
accepted this, the Lorentz covariance of (22)-23) is quite
trivial. However, let us present the proof for complete-
ness purposes. Under a Lorentz transformation, we have
therefore Ψ′ = Ψ, and
γµ = Λµνγ
′ν (35)
Since the Lorentz matrices Λ are real, the relations satis-
fied by the auxiliary matrices defined by (24-25) are not
destroyed under a Lorentz transformation, namely
τˆ ′µ =
1
2
(
γˆ′µ − γˆ′∗µ
)
=
1
2
(
(Λ−1)µν γˆ
ν − (Λ−1)µν γˆ
∗ν
)
= (Λ−1)µν
1
2
(
γˆν − γˆ∗ν
)
= (Λ−1)µν τˆ
ν (36)
With these results the proof of the Lorentz covariance of
(22) is immediate
(
τ
′µ
∂
′
µ −m
)
Ψ′ =
(
(Λ−1)µντ
νΛαµ∂α −m
)
Ψ
=
(
(Λ−1)µνΛ
α
µτ
ν
∂α −m
)
Ψ =
(
δ
α
ν τ
ν
∂α −m
)
Ψ
=
(
τ
α
∂α −m
)
Ψ (37)
We omit the proof of the covariance of Eq. (23), since
the methodology is analogue.
D. Complex spinors. Lagrangians densities and
exchange symmetry.
In this subsection we address the natural generaliza-
tion of the approach to deal also with complex spinorial
fields. Let us assume the following decomposition for a
complex (charged) four-spinor
Ψ = φ+ iϕ (38)
where, φ, ϕ are a pair of real spinorial fields. On the
other hand, the field Ψ should satisfy the Dirac equation,
which we have shown that can be decomposed according
to Eq. (19), namely
(
Aˆ+iBˆ
)
Ψ =
(
Aˆ+iBˆ
)(
φ+iϕ
)
= Aˆφ−Bˆϕ+i
(
Bˆφ+Aˆϕ
)
= 0
(39)
Since all the objects that appear in the last equation are
real-valued, the equation implies the following system
Aˆφ = Bˆϕ (40)
Bˆφ = −Aˆϕ (41)
This is a system of two first-order coupled differential
equations. Making explicit the algebraic expressions of
the operators A˜, B˜ we have
(
iτµ∂µ −m
)
φ = ηµ∂µϕ (42)
ηµ∂µφ =
(
− iτµ∂µ +m
)
ϕ (43)
It is worth noting that in situations where ϕ = 0, or
φ = 0, the system decouples and reduces to the eigen-
value system of Eqs.(22-23) identically. This means that
our approach can also be adapted to deal with complex
(charged) spinors in a natural fashion. Then, our picture
is not aimed to substitute the current formulation of the
Dirac theory, rather, it can be useful to complement it,
allowing a broader and more general view on the sub-
ject. In this sense, it is also interesting to stress that the
general Dirac Lagrangian density can be written in the
following form
LD = φAˆφ+ ϕAˆϕ+ ϕBˆφ− φBˆϕ+ i(φBˆφ+ ϕBˆϕ+ φAˆϕ− ϕAˆφ)
=
(
φ− iϕ
)(
Aˆ+ iBˆ
)(
φ+ iϕ
)
+ h.c. (44)
The system (40) is therefore derived by application of
the corresponding E-L equations with respect to the vari-
ables ϕ, φ. Furthermore, such a decomposition allows us
to realize that the Dirac Lagrangian is not algebraically
irreducible and turns out to be the addition of two pieces
LD = L1 + L2, each of which can also independently
generate the system (40) once applied their respective
variational equations. These variational equations read
5∂L1
∂ϕ
= 0 ,∂L2
∂φ
= 0, where the pair of Lagrangians L1, L2,
are given by
L1 ≡ ϕAˆϕ+ ϕBˆφ+ i
(
ϕBˆϕ− ϕAˆφ
)
+ h.c. (45)
L2 ≡ φAˆφ− φBˆϕ+ i
(
φBˆφ+ φAˆϕ
)
+ h.c. (46)
Regarding the invariance properties, note that the full
Lagrangian (44) is invariant under a rotation of angle θ
in the complex plane, namely, a transformation of the
type
(
φ′
ϕ′
)
=
(
cos θ − sin θ
sin θ cos θ
)(
φ
ϕ
)
(47)
This transformation express the well known global gauge
invariance of the Dirac theory. Indeed, note that (47) is
equivalent to the phase transformation Ψ → eiθΨ. It is
worth noting that the two building blocks Lagrangians
L1, L2 are also invariant under the same type of trans-
formation, φ → eiθφ, ϕ → eiθϕ. This is evident if we
rewrite both Lagrangians in the compact form:
L1 = ϕ
(
Aˆ+ iBˆ
)
ϕ+ ϕ
(
Bˆ − iAˆ
)
φ+ h.c. (48)
L2 = φ
(
Aˆ+ iBˆ
)
φ+ φ
(
− Bˆ + iAˆ
)
ϕ+ h.c. (49)
Interestingly, there exists an exchange symmetry be-
tween both Lagrangians, namely, for certain values of
the rotation angle θ of the gauge transformation (47),
then L1 turns into L2, and vice versa. For instance, let
us consider the transformation(
φ′
ϕ′
)
=
(
0 1
−1 0
)(
φ
ϕ
)
(50)
This transformation is a particular case of (47) for θ =
−pi/2. Indeed, for such a value of the angle the fields
transform as, φ→ ϕ , ϕ→ −φ, which implies, L1 → L2,
L2 → L1. Indeed, note that
L
′
1 = ϕ
′
(
Aˆ+iBˆ
)
ϕ
′+ϕ′
(
Bˆ−iAˆ
)
φ
′ = φ
(
Aˆ+iBˆ
)
φ+φ
(
−Bˆ+iAˆ
)
ϕ
(51)
Then, the transformation only exchanges the values of
the building blocks of the Dirac Lagrangian, but the
Dirac Lagrangian itself remains unchanged because cor-
responds to the addition of both, i.e, LD = L1+L2, and
only rearranges terms permuting L1 by L2. In general,
one can verify that the Lagrangians L1, L2 permute for
values of the rotation angle such that θ = (2k + 1)pi/2,
k ∈ Z
III. FINAL REMARKS
In this work, we have shown that the Majorana
equation for real spinors emerges as a particular
case of a system of two first-order differential wave
equations. These two wave equations are, in turn,
a particular case of another more general system of
two first-order coupled wave equations that works for
complex (charged) spinors. Indeed, when φ = 0, or
ϕ = 0, the system decouples and collapses into a purely
real system describing a real field. In addition, we have
demonstrated how this description is possible due to a
canonical decomposition of the Dirac operator, which
allows to separate in a transparent way the real and
imaginary parts of the Dirac operator for an arbitrary
representation of the Dirac matrices. We have also
provided an alternative formulation of the general Dirac
Lagrangian formalism, which allowed us to realize that
the Dirac Lagrangian LD is not algebraically irreducible,
rather, it turns out to be the combination of two other
pieces L1 and L2 each of which is enough to generate
by itself the correct wave equations under application of
the E-L variational method. Besides, these two pieces
are linked by an interesting symmetry, a particular case
of the global gauge transformation for θ = (2k + 1)pi/2,
k ∈ Z, under which the Lagrangians permute their
values, maintaining the full Dirac Lagrangian unaltered.
In the last years, further developments have been
paved in the literature, concerning new kinds of spinors
and their applications. In particular, from the first quan-
tised point of view the so called Elko spinors [18] may
play an important role in the dark matter description.
A summarised review about the regular and singular
spinors, wherein Majorana, Elko, Dirac, Weyl, flagpoles,
flag-dipoles, and so on, spinors reside can be found in
[19]. In Ref. [20] there is table with an algebraic clas-
sification of all spinors. The classes 1, 2, and 3 in the
table can all describe real spinors. However, it will be
interesting to determine exactly to which class belong
the spinors that we have discussed in this paper. This
important question will be addressed in a future work.
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